We compute the Rényi mutual information of two disjoint spheres in free massless scalar theory in even dimensions higher than two. The spherical twist operator in a conformal field theory can be expanded into the sum of local primary operators and their descendants. We analyze the primary operators in the replicated scalar theory and find the ones of the fewest dimensions and spins. We study the onepoint function of these operators in the conical geometry and obtain their expansion coefficients in the OPE of spherical twist operators. We show that the Rényi mutual information can be expressed in terms of the conformal partial waves. We compute explicitly the Rényi mutual information up to order z d , where z is the cross ratio and d is the spacetime dimension. * bchen01@pku.edu.cn † Jiang.Long@ulb.ac.be
Introduction
Entanglement entropy is an important notion in many body quantum system. It characterizes the entanglement between a subsystem with its environment. It is defined as the von Neumann entropy of the reduced density matrix ρ A of the subsystem A S A = −Tr A ρ A log ρ A .
(
More generally, with the reduced density matrix, one may define the Rényi entanglement entropy as
The Rényi entropy encodes more detailed spectral information on the reduced matrix. It is easy to see that the entanglement entropy can be obtained by taking the n → 1 limit of the Rényi entropy
provided that such a limit is well-defined. One can also define the Rényi mutual information of two subsystems A and B as
whose n → 1 limit may define the mutual information I A,B = S A + S B − S A∪B .
For a quantum system with finite number of degrees of freedom, the entanglement entropy can be computed numerically. The entanglement entropy in quantum field theory has been under active study since the pioneering work by Srednicki [1] . As there are infinite number of degrees of freedom in a quantum field theory, the entanglement entropy is rather difficult to compute, even numerically. It was surprisingly shown in [1] that for free massless scalar, the entanglement entropy behaves like a geometric entropy as its leading contribution is proportional to the area of the boundary of the subsystem. Such area law of the entanglement entropy has shown to be quite generic in d ≥ 3 spacetime [2] . Intuitively it can be understood as originating from the correlations between the degrees of freedom on the different sides of the entangling surface. In d = 2, the entanglement entropy obeys a logarithmic law.
More importantly the single-interval entanglement and Rényi entropies in two-dimensional conformal field theory (CFT) display a universal behavior, being proportional to the central charge of the CFT [3, 4] . The entanglement entropy in CFT has drown much interests in the past decade due to its relation with holography and quantum gravity [5, 6] .
Despite much development in the past two decades, the computation of the entanglement entropy and its related quantities in quantum field theory is still a very hard problem [4, 7] . Most of the study has been focused on the simplest entangling region, the half space or a single sphere, in the free theory [8] and 2D conformal field theory. From the relation (3), the entanglement entropy can be read from the Rényi entropy, which could be computed via the replica trick. However, this trick leads to the computation of the partition function on a spacetime manifold with singularity. For example, for a spherical entangling region, the replicated geometry is of conical singularity. For the case with multiple regions, the problem is even more difficult.
The entanglement entropy of two disjoint regions A and B is interesting. First of all, the mutual information between A and B measures the correlations between two regions. It is positive, finite, free of ultra-violet divergence. In particular the mutual information satisfies the inequality [9] I A,B ≥ C(M A , M B )
where M A and M B are the observables in the regions A and B respectively, and C(M A , M B ) := M A ⊗ M B − M A M B is the connected correlation functions of M A and M B . Holographically the classical mutual information of two well separated regions is vanishing, but the above inequality suggests that the quantum correction should give nonvanishing contribution [10] . In AdS 3 /CFT 2 , if one considers two intervals far apart in the vacuum state of the large c CFT, the leading contribution in the mutual information is vanishing but the subleading term independent of c is not vanishing, which is in perfect match with 1-loop partition function of the graviton [11, 12] .
It is a forbidding problem to compute the entanglement entropy or the mutual information of two disjoin regions directly via the replica trick. The replicated geometry is not only of singularity but also of nontrivial topology. For example, in two-dimensional quantum field theory on complex plane, the n-th Rényi entropy of two intervals requires a partition function on a Riemann surface of genus (n − 1), which is hard to compute [13] .
Nevertheless, when two intervals are short and far apart, one can use the operator product expansion(OPE) of the twist operators to compute the partition function order by order in the cross ratio [12, [14] [15] [16] . The OPE of the twist operators is of the form
with the summation K being over all the independent quasiprimary operators of the replicated theory. The Rényi entropy of two intervals is the four-point function of twist operators in the orbifold CFT
where x is the cross ratio and
is the hypergeometric function. In principle, one can work out the partition function to any order. Especially for the large c CFT dual to the AdS 3 gravity, the vacuum module contribution dominates the partition function in the large central charge limit. This leads to a lot of study on the two-interval Rényi entropy in the large c CFT, which sheds new light on the AdS 3 /CFT 2 correspondence [17] .
The short interval expansion of the Rényi entropy can be applied to the CFT's in higher dimension. In [18] , the mutual information of two disjoint spheres in the 3D and 4D massless scalar theory has been studied to the leading order of short interval expansion. The result is consistent with the lattice computation in [19] and the study in [20] . In [21] , the computation in 3D case has been pushed to the next leading order. For other study on the mutual information, see [22] [23] [24] .
In this paper, we compute the mutual information of two disjoint spheres in free massless scalar field theory to higher orders and in other even dimensions. The key ingredient in our study is the OPE of spherical twist operator [25] [26] [27] in terms of the primary operators in the replicated theory. This allows us to write the Rényi mutual information in terms of conformal partial waves. We propose a partition function to count the number of independent non-descendant operators, work out explicitly the primary operators of the first few lowest dimensions and compute their one-point functions in the conical geometry to read the OPE coefficients. We manage to obtain the Rényi mutual information up to order z d , where z is the cross ratio and d is the spacetime dimension.
The remaining parts of this paper are organized as follows. In the next section, we gave a brief review of spherical twist operator and its OPE expansion. In Section 3, we work out the primary operators in the replicated theory. In Section 4, we present the Rényi mutual information of two disjoint spheres in dimension 4, 6, 8 and 10. We end with conclusions and discussions in Section 5. Some technical details are put in a few appendices.
Spherical twist operator
The twist operators are naturally defined through the replica trick. A twist operator is a co-dimension two operator and introduce the branch cut at the entangling surface in the path integral over the n-fold replicated theory. Let us focus on the case that the entangling surface A is a single sphere of a radius R and discuss the spherical twist operators. In order to compute Trρ n A , one can compute the partition function of the CFT in the n-fold replicated geometry. Equivalently one may introduce a spherical twist operator T n and compute the correlation function of the twist operator in the n-fold replicated theory. In two dimension, the twist operators are the local primary operator defined at the branch points. In higher dimensions, the twist operators are non-local surface operators.
The twist operator in a conformal field theory is a defect operator of co-dimension two. Just like nonlocal Wilson loop or surface operators [28] [29] [30] [31] , the defect operator can be expanded in terms of the local operators. In a conformal field theory, the local operators can be classified into primary fields and its descendants. For a defect operator [32, 33] of co-dimension q and preserving SO(d − q + 1, 1) × SO(q − 1, 1) symmetry, it can be expanded into the sum of local operators
where < D > is the expectation value of the defect operator and gives the partition function of the defect CFT. The coefficients c ∆,J are determined by the one-point function of the operator O ∆,J in the presence of the defect operator. Given a primary field, its descendant partners are fixed by the symmetry. Therefore, to understand a defect operator it is essential to know the spectrum of the CFT and their one-point functions.
For a spherical twist operator, it can be expanded in a similar way
where Q[O ∆,J ] denotes all the operators generated from the primary field O ∆,J . However the theory is n-fold replicated so that not only the primary fields in the original CFT have to be considered, the primary fields in different replica have to be taken into account.
Shortly speaking, one has to consider the primary fields in CFT n . Moreover, the onepoint function of the primary field in the presence of the spherical twist operator can be equivalently computed by the one-point functions of the primary fields in the conical geometry. In general, such one-point functions may not be easy to compute. But for a free CFT, for example the free scalar we are interested in, these one-point functions change into multi-point function of free scalar in the conical geometry.
In this work, we consider a CFT in its vacuum state in even dimensions and we let the entangling regions be spheres at a constant time slice. We consider two disjoint spheres such that the operator product expansion(OPE) of the twist operators can be applied.
Let the two spheres be
For simplicity, we use conformal symmetry to set R = R ′ and x 0 = (1, 0, · · · , 0). The only independent conformal invariant quantity is the cross ratio
In the disjoint case, we have 0 < z < 1. More generally, if the radii of two spheres are different, and their distance is r, then the cross ratio is
We are interested in the Rényi mutual information of two spheres. The Rényi mutual information between A 1 and A 2 is defined to be
The Rényi entropy of
When the two regions are far apart, we may evaluate the expectation value of the twist operator approximately by
The building block is the two-point function of the primary module, which is related to the conformal partial wave
For example, for a scalar operator in four dimension,
In the end, we have the Rényi mutual information in terms of the conformal partial
where
is the summation over all the primary operators with conformal dimension ∆ and spin J.
It is zero when n → 1,
then one can expand it near n = 1 as
The mutual information is just
with
This is the conformal block expansion of the mutual information. The coefficients b ∆,J encode the dynamical information of corresponding conformal field theory.
For the massless scalar theory, the strategy to compute the Rényi mutual information of two spheres is as follows. First, we have to work out the spectrum of the replicated theory. Next we need to work out the one-point functions of the primary operators in the presence of the twist operator, or multi-point function of the fields in the conical geometry. Finally, we consider the contributions of all the primary fields. In practice, it is hard to work out all the spectrum of the theory. In the small cross ratio limit,
we can work out the Rényi mutual information in orders of the conformal dimension.
3 Primary operators in free scalar theory 
Under the conformal transformation, the primary operator is defined to be transformed as
where ∆ is the scaling dimension of the operator, and R is the spin representation of the operator under the Lorenzian group. By definition the primary operator at the origin is annihilated by the generator of special conformal transformation
To count the number of the primary operators with a fixed conformal dimension, it is convenient to use the partition function. The partition function for the free massless scalar theory can be defined to be
2 The partition function defined here is slightly different from the one defined by J. Cary in [38] and confirmed in [39, 40] . Here we count the types of the operators rather than the independent components. We clarify the difference of the partition function defined here and the one in [38] [39] [40] in Appendix D, and check the consistency of the two definitions to the first few lowest dimensions.
whereD is the dilatation operator and p(k) count the number of the operators with scaling dimension ∆ = k. The number of primary operators with ∆ = k is just
because that if O k−1 is an operator with dimension ∆ = k − 1, the operator ∂ µ O k−1 is of dimension k but it is a descendent operator. Namely we have to remove the descendent operators being the derivative of the operators with lower dimension. For a free massless scalar field theory, the building blocks of the primary operators are the free fields φ and the partial derivatives. Let us illustrate the construction in the four-dimensional theory. Assume an operator is composed of φ's and ∂'s, whose numbers are l and k respectively, then its scaling dimension is ∆ = k + l. The problem is to count the number f (k, l) of independent operators for a fixed dimension. There are relations
If there is no partial derivative, k = 0, then there is only one independent operator φ l for
For k > 0, if there is no φ operator, l = 0, then
We can count the number of independent operators level by level,
Then
We find
3 In principle, m(k) is the number of independent types of operators which are not descendants. One should decompose these operators into the irreducible representation of SO (4) . That means the number m ′ (k) of the primary operators may be slightly larger than m(k) in general, m ′ (k) ≥ m(k). We checked up to level 6 that m ′ (k) = m(k) is valid for dimension 4. So we will not distinguish m ′ (k) and m(k) in this work.
The full partition function is
In general d dimension, the number of independent operators with dimension ∆ is
The partition function of free massless scalar in a general d dimension could be
In four dimension, when ∆ = 0, there is only one primary operator I. When ∆ = 1, there is only one primary operator φ. When ∆ = 2, there is only one primary operator φ 2 . When ∆ = 3, there is only one primary operator 
When ∆ = 6, there are four primary operators
where φ µνρσ is a symmetric traceless spin-4 operator which is constructed by two φ's and four ∂'s, and φ µνρ is a symmetric traceless spin-3 operator which is constructed by three φ's and three ∂'s,
The projector is of the form
It is used to project a spin 3 operator to be symmetric and traceless. The primary operators up to dimension six are listed in Table 1 .
∆ primary operators number 0 For the n-fold replicated free theory, the fields on different replica should be treated independently. The partition function is now
Similarly the number of the primary operators with dimension k is given by
In four dimension, we find
Now, we can find the primary operators of different dimensions.
1. Dimension ∆ = 0. There is only one primary operator: I.
2. Dimension ∆ = 1. There are n primary operators: φ j .
3. Dimension ∆ = 2. There are
4. Dimension ∆ = 3. There are 1 6 (n 2 +6n−1) primary operators: φ which do not appear in the single-copied theory.
5. Dimension ∆ = 4. There are 1 24 n(n + 1)(n 2 + 13n + 10) primary operators, including
. Here
and the stress tensor at the j-th replica
with the projector
and
The primary operators of different dimensions and degeneracies are listed in Table 2 .
When ∆ = 5, there is a new kind of primary operator φ
of the form
The primary fields of free massless scalar in higher dimension can be discussed in a similar way.
Rényi mutual information of free scalar
In this section, we compute the Rényi mutual information between two spheres for the massless scalars in even dimensions. We have discussed the primary fields in the n-fold replicated theory and obtained the first few low-dimensions in the last section. The missing piece is the coefficients of the one-point function of the primary fields in the presence of the twist field or the one-point function in the conical geometry. It can be computed by the multi-point functions of scalar fields in the conical geometry. For a scalar primary field of scaling dimension ∆, its one-point function in a conical geometry should be of the form
n(n−1)(n−2)(n−3)(n−4) 120 
∆,J ∼ z ∆ in the small cross ratio limit, the coefficients s ∆,J 's are related to a ∆,J 's by
The summation is over all primary fields with dimension ∆ and spin J. One can also derive the expression of the s ∆,J for higher spin fields, but we will not need them in this work. For the free scalar theory, it is obvious that only the primary fields including even number of the scalars have nonvanishing one-point function.
Four dimensional case
We first work on the d = 4 free scalar theory. The two-point function of scalar in flat spacetime is
In the conical geometry it is of the form [41, 42]
Here we have used Euclidean coordinates x = (r, θ, y) and have defined
The scalar four-point function is
The first nonvanishing contribution to the Rényi mutual information comes from the dimension-2 operators:
Their one-point coefficients and normalization factors are respectively a
2,0 = 1.
Then we have
The next nonvanishing contribution comes from the dimension-3 operators of spin 1
which has a 3,1 = cos
So we have
Here we have taken into account of the fact that the Wick rotation on the spin-1 operators J (j 1 j 2 ) µ contribute a minus sign in the final coefficient 5 .
The primary operators of dimension 4 giving nonvanishing contribution consist of two classes: the ones without spin and the ones with spin 2. The ones without spin include the following types of the operators
Their one-point function coefficients are respectively
, a
).
And their normalization factors are respectively
Then we find
The other class includes the spin-2 operators
Their one-point function coefficients and normalization factors are respectively a (j)
Then we get
It is possible to consider the contributions from the primary operators of higher dimension, but the computation becomes more involved.
With all the information above, we can read the Rényi mutual information
In the small cross ratio limit, we have
The mutual information is
In the small cross ratio limit, it is
The leading contribution in the small z agrees with the result in [18, 19] .
Other dimensions
In other dimensions, the discussion is similar. The twist operator of two spheres can be expanded by the OPE, which leads to
The Rényi mutual information is
In odd dimensions, the scalar two-point function in the conical space has no analytic form.
In even dimensions, such two-point functions are known. We collect them in Appendix A. In this paper, we focus on the free scalar in even dimensions.
The primary operators in the replicated theory can be discussed as in four dimensional case. In dimension d, a free scalar is of scaling dimension
Up to the scaling dimension d, the primary operators with nonvanishing contributions are similar to the ones in d = 4. They include the operators without spin
the spin-1 operator J
and the spin-2 operator T (j)
Now the stress tensor in general dimension is
where the projector is
The operator T
The normalization factors of T 's are respectively
The coefficients of the one-point functions and the normalization factors are different in different dimensions. We collect them in Appendix B. Here we just give the Rényi mutual information in different dimensions. In d = 6, we have
When z << 1, the leading terms in the Rényi mutual information are
In the small cross ratio limit, it is approximated by
In d = 8, we have the Rényi mutual information When z << 1, the leading terms are
where α 6 = (1 + n)(15202 + 69802n 2 + 168901n 4 + 283301n 6 + 379397n 8 + 379397n 10 ) 62270208000n 11 ,
When z << 1, it is approximated by
In d = 10, we get the Rényi mutual information When z << 1, it is approximated by The mutual information is
When z << 1, it is given by
Conclusions and discussions
In this paper, we computed the Rényi mutual information of free massless scalars in even dimensions d = 4, 6, 8, 10 to the first few orders. The computation relies on the OPE of spherical twist operator in terms of the primary fields in the replicated theory. The result can be written in terms of conformal partial waves. This allows us to study the behavior when the two spheres are near to each other and check the validity of the OPE method.
Our results go beyond the ones in the literature. For example, in four dimension, the mutual information has been computed to order z 2 in [18] , but now we are able to obtain the results up to order z 4 . Notice that the coefficients of each z n are actually at the same order, so the higher order terms are not suppressed and become important when two spheres are near to each other. The leading contribution to the Rényi mutual information in the small z limit, i.e. the case that two spheres are relatively small compared with their distance, is always [10, 18] 
This is due to the fact that such contribution comes from the primary operators φ 2 and 
which is in perfect match with the result in [22] . It was argued that such contribution could be universal. It would be interesting to investigate how much the mutual information could be universal determined [43] . The study in this work can be generalized to other cases. An obvious generalization is to odd dimensions. In [18, 21] the mutual information for three dimensional free scalar has been studied. It would be interesting to apply our prescription to this case. Another interesting application is to the free fermion. We wish to come back to these cases in the future. 
A Two-point functions in even dimensions
We assume that the two fields φ(x), φ(x ′ ) are at
We define three quantities η, η
to simplify notation. The the scalar two-point functions in the conical geometry in different even dimensions are the following.
2. d = 6
4. d = 10 
B Coefficients of one-point functions and normalizations
In general dimension d, the one-point function of a primary operator in a conical geometry is fixed up to one coefficient a ∆,J . Assuming that the transverse and longitudinal coordinates are respectively x a , y i , we list the convention of a ∆,J for spin 0, 1 and 2 respectively
We have defined a normal vector
The normalization N ∆,J are fixed by two-point function
where we defined
In d = 6, 8, 10, the primary operators, which have nonvanishing contribution to the Rényi mutual information and have scaling dimensions smaller than d, consist of
Their one-point function coefficients and normalization factors in different dimensions are listed in the following. In d = 6, 
C Diagonal limit of conformal blocks
The discussions on conformal blocks in even dimensions can be found in [44, 45] . In this work, we consider the case z =z, which is the diagonal limit of conformal blocks. The diagonal limit of conformal blocks in general dimension d can be found in [34] . In our
. When J is even, J = 2n
When J = 2n + 1 is odd, we have
Here we have defined
.
D Partition function
According to [38] [39] [40] , the partition function for a real massless scalar including different components in dimension d isZ
is the dimension of the representation of O(d) with angular momentum i. In this work, the partition function Z d is to count different types of independent operators. The two partition function looks different, though they are actually related. We illustrate the difference in the case d = 4. We expandZ d and Z d in the following
At level 0, there is only one independent operator I. This is the same for Z 4 ,Z 4 as the operator I has one independent components. At level 1, there is only one independent operator φ. This is also the same for Z 4 ,Z 4 as the operator φ is just a scalar. At level 2, there are two different types of operators φ 2 , ∂ µ φ while there are totally 5 different components. Obviously, ∂ µ φ is a descendant operator. So at level 2, there are only one operator φ 2 which is primary. At level 3, there are three different types of operators φ 3 (1), φ∂ µ φ(4), ∂ µ ∂ ν φ (9) . The number in the bracket behind the operator counts the independent components. The total number is 14 which is exactly whatZ 4 counts. Note among the three types of operators, φ∂ µ φ, ∂ µ ∂ ν φ are obviously descendant operators. So there are 1 independent primary operator φ 3 at level 3. At level 4, there are five different types of operators φ 4 (1), φ 2 ∂ µ φ(4), φ∂ µ ∂ ν φ(9), ∂ µ φ∂ ν φ(10), ∂ µ ∂ ν ∂ ρ φ(16).
The total number of independent components is 40, exactly the same number inZ 4 . Note that φ 2 ∂ µ φ, ∂ µ ∂ ν ∂ ρ φ are descendant operators and there are only 2 independent types of operators which are not descendant operators at this level, as suggested by Z 4 . φ 4 is independent and also primary. φ∂ µ ∂ ν φ and ∂ µ φ∂ ν φ should form one independent type of operator which is not descendant. This is stress tensor T µν . Note the trace of the operators φ∂ µ ∂ ν φ and ∂ µ φ∂ ν φ are either descendant or zero on shell, so there is no additional primary operator. At level 5, there are seven different types of operators φ 5 (1), φ 3 ∂ µ φ(4), φ 2 ∂ µ ∂ ν φ(9), φ∂ µ φ∂ ν φ(10), φ∂ µ ∂ ν ∂ ρ φ(16), ∂ µ φ∂ ν ∂ ρ φ(36), ∂ µ ∂ ν ∂ ρ ∂ σ φ(25), among which φ 3 ∂ µ φ, φ∂ µ ∂ ν ∂ ρ φ, ∂ µ φ∂ ν ∂ ρ φ, ∂ µ ∂ ν ∂ ρ ∂ σ φ are descendent operators. Z 4 at level 5 tells us that there are only two independent types of operators which are not descendants. The first one is φ 5 which is also primary. The other one is a combination of φ 2 ∂ µ ∂ ν φ, φ∂ µ φ∂ ν φ.
To use these operators to construct the primary operators, one should decompose them into irreducible representation of SO (4), say the symmetric traceless one. As the trace of these operators are either descendants or zero, the only possible primary operator is a spin 2 operator φT µν .
From the above discussion we see that the definition of Z d is quite useful to study the primary operators whileZ d is not convenient. In general m(k) = p(k) − p(k − 1) gives the number of independent types of operators 6 which are not descendants. Based on these non-descendant operators, we can construct the primary operators in the irreducible representation of SO(4). Technically one should check whether one can construct more primary operators by taking trace of the candidate operators 7 . For k ≤ 6, we find that all trace terms are either descendants or zero in d = 4. So m(k) is just the number of independent primary operators for k ≤ 6. We summarize the discussion in the following For the replicated theory, the partition functions can be defined by
We check that the two partition functions are consistent up to level d. The primary operators can be constructed systematically.
